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Abstract.
We explore the electronic structure, orbital character and topological aspect of a
monolayer MoS2 nanoribbon using tight-binding (TB) and low-energy (k · p) models.
We obtain a mid-gap edge mode in the zigzag ribbon of monolayer MoS2, which can be
traced back to the topological properties of the bulk band structure. Monolayer MoS2
can be considered as a valley Hall insulator. The boundary conditions at armchair
edges mix the valleys on the edges, and a gap is induced in the edge modes. The
spin-orbit coupling in the valence band reduces the hybridization of the bulk states.
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1. Introduction
The electronic properties of two-dimensional (2D) crystalline materials can be efficiently
tuned by their edge structures and thus the 2D nanoribbons can show various functional
features, including metallic, semi-metallic, semiconducting, and magnetic [1, 2, 3, 4].
The most straightforward method to study finite size effects is a lattice model in real
space, and a practical example is given by ab-initio simulations. Besides, a tight-
binding method could also be a powerful lattice-based model in order to survey the
effect of different boundary terminations in ribbon cases. Those models have been
extensively used for graphene nanoribbons [5] where partly flat band edge modes in a
ribbon geometry exist [6, 7, 8].
The MoS2 nanoribbons can be directly obtained by cutting the MoS2 monolayer
and according to the directions of termination, there exist two well-known kinds
of nanoribbons namely; armchair and zigzag. Although some other kinds of edge
termination like S-dimmer, S-half, S2-strip and antisymmetric edge structures might be
possible to make and to exist [9], the most symmetric edge structure are the armchair
and zigzag edge terminations. From ab-initio calculations, a zigzag ribbon of monolayer
MoS2 reveals metallic edge states closing the gap [10, 11, 12, 13, 14] while, an armchair
ribbon of monolayer MoS2 contains gapped edge modes [12, 15, 16]. Intriguingly, the
metallic edge modes of monolayer MoS2 have been also observed experimentally for a
MoS2 triangular nanocrystal on Au (111) [17] in which the existence of edge modes on the
zigzag termination of the nanocrystal of MoS2 is found in atomic-resolved STM image.
Moreover, very recently the metallic phase of the edge modes in monolayer MoS2 on
graphite has been illustrated through a finite conductivity in the gap region, and also by
STM spectroscopy [18]. Recently, the contribution of these edge modes in the non-linear
optical properties (e.g. second harmonic generation) of MoS2 is observed experimentally
[19] which manifests a novel importance of the edge modes in this electronic 2D system.
These experimental evidences imply that these metallic edge modes are robust versus
disorder therefore it is worth to explore them in a theoretical manner as well. These
features make them promising for the application in electronics and optoelectronics
[20, 21]. We would like to notice that these edge modes are formed due to the specific
termination of the edges, however, edge modes can be also artificially created by using
external gating [22] mimicking a hard-wall boundary condition on the effective edge.
Recently, the boundary condition of the transition metal dichalcogenides (TMDs) ribbon
has been studied [23] by using a k·pmodel [24] and following M-matrix approach [25, 26].
The topological nature of the metallic edge states in zigzag ribbons and the origin
of the gapped edge modes in armchair one have not been discussed in literature. The
focus of this article is the understanding of these issues. We will use a tight-binding
model [27, 28, 29, 30] which provides quite accurate dispersion relations in k-space.
The reflection symmetry around the central plane of the layer allows us to split the
hamiltonian into an even and odd sector. The symmetry (σh) maps z to −z. The
low-energy band structure of the system belongs to the even subspace [27]. In this even
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subspace, the symmetry of the system and the model is very similar to the case of gapped
graphene and one can expect some similarity between these two systems. The topological
aspect of the low-energy Hamiltonian of monolayer MoS2 have been discussed before
[31, 32, 33] where a possible non-trivial phase according to the non-zero Chern number
for each spin and valley flavor has been addressed. The low-energy Hamiltonian of this
system is not exactly a massive Dirac model, as it includes a momentum dependent
mass (∆ + βq2) similar to the modified Dirac model of a topological insulator thin film
[34] and to the HgTe-based quantum spin Hall system (BHZ-model) [35]. Some of the
topological aspects of a modified-Dirac system have been explored after discretizing the
low-energy model on a square lattice using a finite difference (FD) method [36].
In this paper, we explore the edge state dispersion of the zigzag and armchair
ribbons of monolayer MoS2 as the main representative of TMDs using a tight-binding
model. The numerical calculations are supported by using a low-energy continuum
model. We obtain metallic and non-metallic edge modes for the zigzag and armchair
ribbons, respectively. We address as well the topological aspects of the low-energy model
of monolayer MoS2 through numerical calculations in a finite size system and analytical
arguments. A finite element method is employed to discretize the two-band continuum
model on a ribbon geometry. We describe that the weak topological nature of monolayer
MoS2 originates from the particular orbital character of each energy band and it is not
related to the spin-orbit coupling in contrast with graphene. We calculate the Berry
curvature, valley Chern number, and Z2 invariant, in order to discuss the topological
nature of the continuum model. The topological relevance of the trigonal warping is also
taken into account. Two effective one-dimensional (1D) Hamiltonians are introduced to
describe the most relevant edge modes in both the armchair and zigzag ribbons. We
find a 1D massless (massive) Dirac cone for the edge modes of the zigzag (armchair)
ribbon. The gapped spectrum of the edge modes in the armchair ribbon arises from
the combination of the effects from βq2 mass-term in the continuum k · p model and a
hybridization between 1D modes on two edges of the ribbon. This hybridization can be
also understood in terms of a mixing of 1D-valleys (Dirac cones) on the edges.
This paper is organized as follows. Sec. 2 describes the models and approximations
used. In Sec. 3 and Sec. 4 our main results concerning the edge mode dispersions
of MoS2 nanoribbons are shown and discussed. In Sec. 5, we study the topological
aspect of the system by the calculating Berry curvature, the Chern number and the Z2
invariant. Finally, we conclude our main results regarding the finite size effects of the
systems in Sec. 6.
2. Theory and model
In order to study the finite size effect in monolayer TMDs, MX2, where M refers
to a metal and X indicates the chalcogen atom compound, we use a Slater-Koster
tight-binding model which captures the main energy bands of this system in the
whole Brillouin Zone (BZ). This model has been already used to investigate the valley
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Zeeman effect and the effect of strain on a MoS2 monolayer [30, 33]. This tight-
binding (TB) model for the single layer TMDs, uses an orbital basis which includes(
d3z2−r2 , dx2−y2 , dxy, psymx , p
sym
y , p
antisym
z
)
, which are even w.r.t. the horizontal reflection
symmetry (i.e. σh : z → −z) of monolayer MX2. Notice that the d and p orbitals in this
model belong to the metal (M) and the chalcogen (X) atoms, respectively. To clarify
the symmetric and antisymmetric hybridisation of chalcogen p-orbitals localized on top
and bottom layers, we use 2psymx,y = p
top
x,y + p
bottom
x,y and 2p
antisym
z = p
top
z − pbottomz . Spin-
orbit coupling is treated in an atomic approximation as ∝ LzSz which describes well
the spin-splitting of the valence band in this system. The TB Hamiltonian in position
space reads
HTB =
∑
i,µν
µ,νc
†
i,µci,ν +
∑
ij,µν
[tij,µνc
†
i,µcj,ν + H.c.] (1)
where c†i,µ creates an electron in the i
th unit cell in the atomic orbital labelled by µ.
All of the details corresponding to the hopping and on-site matrices can be found in
Ref. [[33]]. In Fourier space, we obtain a six-band Hamiltonian for each spin degree of
freedom as function of wave vector (k) and spin (s) which is given by
HTBs (k) = s +
3∑
i=1
[
2tMMi cos (k · ai) tMXi e−ik·δi
tXMi e
ik·δi 2tXXi cos (k · ai)
]
(2)
where s = diag
[
Ms , 
X
s
]
and the nearest (δi) and the next nearest (ai) neighbour vectors
are shown in Fig. 1. The hopping terms, tij,µν , are evaluated within a Slater-Koster
scheme [28, 33]. After diagonalizing the Hamiltonian, the band dispersion along the
Γ−Q−K−M− Γ direction is calculated and the results are given in Fig. 2 which
shows the main energy bands of the system which belong to the even subspace of the
orbital basis with respect to the horizontal reflection symmetry. It should be mentioned
that the Q point, which is located midway between Γ and K points, is not a high
symmetry point, albeit it is where one of the minima in the conduction band. The
anisotropic effects, i.e. trigonal warping in the low-energy bands, are illustrated in Fig.
3 for both conduction and valence bands around the K and Γ points as discussed in
detail below. The conduction band at the K-point is mostly made from dz2 orbital with
some mixing from px and py. The valence band contains solely dxy and dx2−y2 orbitals.
At the Γ point, the valence band is mainly built from the dz2 orbitals with a minor
contribution from pz orbitals. The two nearly degenerate conduction bands in Γ point
contain a combination of four other orbitals with equal weight.
Having performed a canonical perturbation on the Hamiltonian given in (2), we can
deduce a low-energy two-band model around K-points from the six-band tight-binding
model for each spin component, which can be written as Hτs = Hiτs +Hwτs where [33]
Hiτs(q) =
∆0 + λ0τs
2
+
∆ + λτs
2
σz + t0a0q · στ
+
~2|q|2
4m0
(α + βσz) + a
2
0|q|2(λ′0 + λ′σz)τs ,
Hwτs(q) = t1a20q · σ∗τσxq · σ∗τ + t2a30τ(q3x − 3qxq2y)(α′ + β′σz) . (3)
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Figure 1. (Color online) Lattice structure of monolayer MX2 in which the zigzag and
armchair directions and corresponding unit cells are illustrated. The direction of the
nearest (δi) and the next nearest (ai) neighbour vectors are depicted on the lattice.
where s = ± and τ = ± stand for the spin and valley degree of freedom, respectively.
Notice that στ = (τσx, σy) with σi=x,y,z are Pauli matrices, q = (qx, qy) is the
wave vector in two dimensions, m0 is the free electron mass and a0 = a/
√
3 where
a ≈ 3.16 A˚ is the lattice constant. The numerical values of two-band model parameters
are ∆0 = −0.11 eV, ∆ = 1.82 eV, λ0 = 69 meV, λ = −80 meV, λ′0 = −17 meV,
λ′ = −2 meV, t0 = 2.34 eV, α = −0.01, β = −1.54, t1 = −0.14 eV, t2 = 1 eV, and
α′ = 0.44, β′ = −0.53. The total spin-orbit coupling is λ± = (λ0±λ)/2+a20|q|2(λ′0±λ′)
where +(−) stands for the conduction (valence) band which also has a quadratic
momentum dependence.
Hwτs stands for the trigonal warping (TW) in both conduction and valence bands.
The cubic terms in q are similar to the cubic terms obtained previously in a three-band
tight-binding model [37]. We check the validity range of the low-energy Hamiltonian by
comparing the energy dispersion of the low-energy model with that of six-band model
around the K-point in Fig. 3. The two sets of energy bands coincide satisfactorily
around the K-point. Using this Hamiltonian, we calculate the effective masses of the
conduction and valence bands as me = 0.513m0 and mh = −0.503m0. The values for
the effective masses are consistent with the negative sign of α parameter, which stands
for the mass asymmetry between the conduction and valence bands.
To find the role of different parameters in the trigonal warping direction and
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Figure 2. (Color online) Band dispersion along Γ−Q−K−M− Γ direction for both
spin components which are indicated by solid and dashed curves for the up and down
component of spin, respectively.
strength, we calculate the low-energy band dispersion around the K points E±τs(q) =
Aτs(q)±
√
Bτs(q)2 + C(q) where
Aτs(q) =
∆0 + λ−τs
2
+ 2bα|a0q|2 + t2α′|a0q|3 cos(3φ) ,
Bτs(q)
∆− λ−τs
2
+ 2bβ|a0q|2 + t2β′|a0q|3 cos(3φ) ,
C(q) = t20|a0q|2 + t21|a0q|4 + 2t0t1|a0q|3 cos(3φ) . (4)
in which b = ~2/4m0a20 ≈ 0.572eV. Notice that λ+ and the momentum dependence of the
spin-orbit coupling are neglected in these equations. The trigonal warping arises from
the three parameters (α′, β′, t1) and all of these terms can be combined to obtain a term
z± cos(3φ) in the low-energy dispersion where z± = t2(α′±β′)±2t0t1/(∆−λ−τs). Here,
z+(z−) stand for the conduction (valence) band. For small q’s, the direction of warping
in both bands is different if z+z− > 0. They are in the same direction when z+z− < 0.
If one of these parameters is zero, the corresponding band is isotropic. In the case that
α′ = 0, the warping in both bands are in the same direction and with the same warping
strength. The parameters α and α′ are the sources of asymmetry in the effective masses
and they define the trigonal warping directions in the conduction and the valence band.
We obtain that z+z− < 0, which means same warping direction in two bands which
can be seen clearly in Fig. 3 around the K-point. We have also extracted a low-energy
model Hamiltonian around the Γ point. Using Lo¨wdin partitioning, we obtain a low-
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Figure 3. (Color online) Comparison between the low-energy and six-band models
around K and Γ points in (a) and (b) panels, respectively. Solid (dashed) contour
line of energy dispersion indicates the results of two (six) band Hamiltonian. One can
simply recognize the conduction (with positive energy) and valence band (with negative
energy) through the negative and positive numbers indicating the energy levels on the
color bars.
energy three-band Hamiltonian around the Γ point, including two degenerate bands in
the conduction plus one band in the valence, and it can be written as follows
HΓ(q) =
∆Γ,1c + γ3|q|2 γ1q∗ γ2qγ1q ∆Γ,2c + γ3|q|2 γ2q∗
γ2q
∗ γ2q ∆Γv + γ4|q|2

where q = qx + iqy, ∆
Γ,1
c = (1.91 + 0.02s) eV, ∆
Γ,2
c = (1.91− 0.02s) eV, ∆Γv = −1.02 eV,
γ1a0 = −0.0005s eV, γ2a0 = 1.518 eV, γ3a20 = −1.437 eV, γ3a20 = −1.45 eV, and
γ4a
2
0 = 0.32 eV. It should be mentioned that, at the Γ point, we have not considered
higher order terms in q to capture the trigonal warping in two conduction bands. The
average over spin of the γ1 gives zero and this coefficient can be neglected. Using this
Hamiltonian, we find that the effective masses are m
(1)
c = −1.77m0, m(2)c = −1.73m0 and
mv = −0.91m0 for two conduction and one valence bands, respectively. A comparison
between the three and six band model around the Γ point is shown in Fig. 3 in the
bottom panels.
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Figure 4. (Color online) Energy dispersion of MoS2 ribbons. (a) Zigzag ribbon
N=100. (b) Armchair ribbon N=101. Red and blue colors indicate spin components.
Owing to the spin degeneracy in the armchair ribbon just spin up component is plotted.
The definition of N for both zigzag and armchair ribbons is depicted on the Fig. 1.
3. Zigzag and armchair ribbons: Tight-binding model
Tight-binding model is a powerful technique to study the finite size effects in a solid
state system. It provides a model in the real space for which the system boundaries
can be easily introduced. It can also be used to study the topological aspects of the
system, since it allows us to calculate boundary (edge) modes, which can determin by
the topology of a band dispersion. Here, we use the six-band tight-binding model, (2).
Results for both zigzag and armchair edges are shown in Fig. 4 in which the metallic
and gapped edge modes are found in the zigzag and armchair ribbons, respectively.
In order to explore the characteristic features of zigzag and armchair ribbons, we also
visualize the square of wavefunctions (SWF) for some states in both ribbons. The SWF
plot provides information about the orbital character in the lattice of the system and it
can be interpreted as a projected local density of states (PLDOS). The results in Fig. 5
correspond to the energy dispersion and to the SWF for the spin-up state in the zigzag
ribbon where the spin-orbit coupling is taken into account. The state for each SWF
plot of Fig. 5 is given in the first panel of the same figure. This figure shows three edge
modes where two of them cross each other within the bulk gap. This crossing edge state
in zigzag MoS2 has been also obtained in the three-band tight-binding model and by
using density functional theory [10, 12, 13, 37]. The figure shows that in the whole BZ
of the zigzag ribbon, there are four crossings (i.e. one-dimensional Dirac cones) for the
two spin and two valley flavors. We call this 1D crossing points as 1D-valleys which are
different from the valleys of the bulk spectrum.
The existence of a dispersive edge band connecting the two valleys can also be
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considered as the realization of a kind of ”chiral anomaly”, known in the quantum
field theory [38] and also in connection with Weyl semimetals [39], in our 2D system.
A constant electric field induces a constant flow of the electrons in momentum space,
as dk/dt = −eE. This flow can move electrons from one valley to the other one,
through the edge band. Therefore, the valley charge (or electric charge at each valley)
is not conserved and this issue is called the chiral anomaly. This intervalley flow takes
place, even in the absence of any source of intervalley scattering induced by broken
translational symmetry. This property is related to the nontrivial topology of the system
at each valley. Later on, we will discuss the topological nature of this crossing states
using the simple two-band model around the K-points.
PLDOS of four particular states labeled as A, B, C and D in the first panel of Fig.
5, are shown in the bottom panels of the same figure. The states A and D correspond
to the valence band maximum and conduction minimum, respectively and their orbital
characters are consistent with the expected orbital character of the bulk spectrum. The
bulk states of the zigzag ribbon have smooth Gaussian-like envelopes, and this form
of the SWF indicates that the zigzag boundary orientation does not mix valleys. This
situation is similar to the case of a graphene zigzag ribbon [40]. Two other states (i.e.
B and C) are two edge modes which are localized on opposite edges. The states labeled
by B have mostly dxy character while the C state is mostly from px and py orbitals of
sulfur atoms and dz2 orbitals of molybdenum atoms.
Using the SWF plots in Fig. 5, we arrive at the results depicted in Fig. 6 where the
edge modes in two one-dimensional valleys circulate in two opposite directions leading to
a weak topological insulator phase of the zigzag MoS2 ribbon for each spin-flavor. Notice
that in each 1D-valley, both spins circulate in the same direction, therefore this phase
is actually a quantum valley Hall (QVH) state (for each spin) that is weakly protected
by the time reversal symmetry in the absence of any source of a large momentum
scattering. The results in Fig. 7 correspond to the normalized projected density of
states of the valence band maximum and the conduction band minimum of the armchair
ribbon. Notice the spin-orbit coupling is not included. The bulk state’s wavefunctions
in the valence and conduction show an oscillation, which is very similar to the expected
oscillation of the wavefunctions in an armchair ribbon of graphene [40]. The oscillation
in the armchair graphene ribbon originates from a valley mixing required to satisfy
the boundary condition on the edges. To understand the source of this oscillation, we
consider the total wavefunction as a combination of two valleys as follows
|Ψµs(R)|2 = |ψµs(R)|2 + |ψ′µs(R)|2 +
[
ψµs(R)ψ
′∗
µs(R)e
i(K−K′)·R + h.c.
]
(5)
where µ and s corresponds to the sublattice and spin index respectively. If the total
state is not valley-polarized, which means that both ψ (wavefunction at K point) and
ψ′ (wavefunction at K′ point) components are non-zero, then the square of the total
wavefunction will oscillate with the period of 2pi/|K −K ′|. This is the case for the
armchair ribbon, see Fig. 7, while in the zigzag case, the total wavefunction is valley-
polarized and consequently there are not such oscillations. The large spin-splitting
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Figure 5. (Color online) Projected local density of state for some spin-up states
(shown in the first panel) of the zigzag ribbon with N = 100 in the presence of the
spin-orbit coupling.
in the band structure of monolayer MoS2 induce a spin-valley coupling which could
affect the valley mixing in the armchair ribbon. Taking into account the effect of spin-
orbit coupling, we obtain the results in Fig. 8 which show the SWF of the valence
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Figure 7. (Color online) Projected local density of state in an armchair ribbon for
the conduction band minimum and valence band maximum in panel (a) and (b),
respectively. Notice that N = 101 and the spin-orbit coupling is neglected.
and conduction in the armchair ribbon. The smooth wavefunction in the valence band
originates from a suppressed valley mixing due to the large spin-splitting in the valence
band. A valley-flip must occur together with a spin-flip due to the spin-valley coupling,
and there is no reason for such spin-flip in a clean ribbon of monolayer MoS2. A minor
oscillation can be seen in the conduction band, which is related to the weakness of
the spin-orbit coupling in this band. In the presence of the spin-orbit coupling, the
valley mixing is suppressed, but the edge modes are still gapped. The origin of this
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gapped edge modes is the mixing of 1D-valleys on the edge (instead of bulk valleys)
that will be discussed in the following sections. The chirality of the edge modes in the
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Figure 8. (Color online) Projected local density of state for some states conduction
band (a) and valence band (b) in an armchair ribbon with N = 101 in the presence of
the spin-orbit coupling. Two neighboring mesh points depicted by N and N + 1 labels
in Fig. 1 belong to two opposite sides of the armchair ribbon. Therefore, there is a
sudden jump from one side to the other side which can be seen in panel (b).
armchair ribbon is summarized in Fig. 9 which shows a pair of counter-propagating
edge modes for each spin index. From this figure, one can see that a spin-conserving
backward scattering at each edge requires a large momentum transfer for edge states at
high energies.
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Figure 9. (Color online) The chirality of the edge modes in armchair ribbon with
N = 101 which shows a pair of counter-propagating edge modes for each spin index.
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4. Zigzag and armchair ribbons: Low-energy model
The armchair and zigzag ribbons have crossings in the low-energy model, which does not
include valley mixing. In general, the total wavefunction can be written as a combination
of two valleys, where K = −K ′ = Kxˆ, as follows
Ψµs(R) = ψµs(R)e
iK·R + ψ′µs(R)e
−iK·R . (6)
For zigzag graphene and also for monolayer MX2 ribbon along x-direction, we must
consider the following boundary condition
ψMs(x, y1)e
iKx + ψ′Ms(x, y1)e
−iKx = 0 ,
ψXs(x, y2)e
iKx + ψ′Xs(x, y2)e
−iKx = 0 . (7)
This boundary condition does not mix valley indexes, since it must be fulfilled for any
value of x and the wavefunction at each valley should be zero, independently. In order to
satisfy above boundary condition in the case of a MX2 zigzag ribbon, we use an infinite
mass boundary condition by including the following potential in the Hamiltonian
Vhard−wall = V0[θ(−y) + θ(y − L)] (8)
where V0 → ∞ and θ(y) is the step function. The infinite mass (hard-wall) boundary
condition (8) is different from a zigzag boundary condition (4) in general. Neither of
them mix the valley indexes. For the case of armchair ribbon along the y-direction, the
following boundary condition must be satisfied
ψµs(x1, y)e
iKx1 + ψ′µs(x1, y)e
−iKx1 = 0 ,
ψµs(x2, y)e
iKx2 + ψ′µs(x2, y)e
−iKx2 = 0 . (9)
According to the above boundary condition, the valleys are mixed in an armchair ribbon.
They conditions must be satisfied only for x = x1 and x = x2, and not for all values of
x. Translating this valley mixing from sublattice space to band space, which is the basis
of the two-band model, does not seem simple and trivial. In order to have an intuitive
understanding of the edge modes in armchair ribbon, we first assume the infinite mass
boundary condition given in (8), which does not mix valleys then a valley mixing term,
see equation (30), is treated perturbatively.
4.1. Crossing edge modes in zigzag ribbon
In order to understand the crossing of edge states, we calculate the corresponding
wavefunctions of these modes at qx=0, using the continuum two-band model given in
equation (2). We also neglect the electron-hole asymmetry terms which are proportional
to the identity matrix in the low energy Hamiltonian (2), at qx=0. Finally, the isotropic
part of the Hamiltonian reads
Hzz0 =
[
∆− β∂2y −v∂y
v∂y −∆ + β∂2y
]
. (10)
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For the sake of simplicity, we use a shortened notation as (∆ + λτs) /2→ ∆, ~2β/4m0 →
β and t0a0 → v. The effect of the spin-orbit coupling on the appearance of crossing
in zigzag ribbon can be neglected. Since two spin subspaces are decoupled and the
difference between these two subspaces is just a small difference on the value of the
energy gap, we can safely drop the spin index in this section. For the electron-hole
symmetric system, the expected energy for the crossing point is E = 0. We calculate
the eigenvalue equation at E = 0 which leads to the following differential equation
[β2∂4y − (2β∆ + v2)∂2y + ∆2]ψc = 0 . (11)
The solution for this homogeneous differential equation is eξy where
β2ξ4 − (2β∆ + v2)ξ2 + ∆2 = 0 . (12)
If β 6= 0 then one can simply find the following results for ξ
ξ±1 = ±
v −√v2 + 4β∆
2β
,
ξ±2 = ±
v +
√
v2 + 4β∆
2β
. (13)
In the case of β = 0 there are just two solutions for ξ as ξ±0 = ±∆/v. We assume a semi-
infinite system which has an edge at y = 0 and the general solution of the wavefunction
would be as follows
ψc(y) = Ae
ξy +Beξ
′y ,
ψv(y) = Aρ(ξ)e
ξy +Bρ(ξ′)eξ
′y . (14)
in which both exponential terms must decay for y > 0. Note that
ρ(ξ) = [
v
∆
+
β
v
]ξ − β
2
v∆
ξ3 (15)
Using the hard-wall boundary condition at the edge, we have ψc(0) = 0 and ψv(0) = 0
which leads to
A+B = 0 ,
Aρ(ξ) +Bρ(ξ′) = 0 . (16)
A non-trivial solution of above relations satisfies ρ(ξ) = ρ(ξ′) = ρ, which means
ψv = ρψc. Notice that ρ(ξ
±
1 ) = ρ(ξ
±
2 ) = ∓1. We check different conditions in order
to see when this edge state exists.
• β = 0: There is just one decaying mode and the wavefunction cannot satisfy the
boundary condition ψc(0) = ψv(0) = 0. Hence, there is no edge state in the case of
β = 0.
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• β > 0: The only decaying terms are ξ = ξ+1 and ξ′ = ξ−2 , but ρ(ξ+1 ) 6= ρ(ξ−2 ). This
means that there is no edge state when β > 0.
• β < 0: The only decaying terms are ξ = ξ+1 and ξ′ = ξ+2 , and also ρ(ξ+1 ) = ρ(ξ+2 ) =
−1 which means that there is a solution for (4.1) leading to the existence of edge
states for β < 0.
The wavefunction of this edge state is given by ψc = −ψv = φ(y) where
φ(y) = N e− v2|β|y sinh[
√
v2 + 4β∆
2β
y] (17)
in which
N = 2
√∣∣∣∣ v∆v2 + 4β∆
∣∣∣∣ (18)
is the normalization factor. This state is localized at y = 0. There are two specific (or
critical) values of β which lead to physical consequences. There is a critical value as
βcr = − v24∆ in which the hyperbolic function is replaced by a trigonometric function. For
this critical value of β we have
ψcrc = −ψcrv = 4(
∆
v
)3/2ye−
2∆
v
y . (19)
Moreover, there is another critical value as β′cr = − v
2
2∆
= 2βcr for which the effective
mass, which depends on the second order derivative of the bulk energy dispersion at
qx = 0, changes sign. For |β| > |β′cr|, the parabolic band changes into a Mexican hat-like
dispersion.
Similarly, one can show that the state localized on the other edge, i.e. y = L, is
ψc = ψv = φ(L − y). The top (right going) and bottom (left going) edge states at the
K-point are
|ψb〉 =
[
1
−1
]
φ(y) , |ψt〉 =
[
1
1
]
φ(L− y) . (20)
The subscript b(t) stands for the state on the bottom (top) edge. Since at qx = 0, the
velocity operator along the x-direction is vx = σx , we obtain 〈vx〉 = 〈ψb|σx|ψb〉 = −1.
In this case |ψb〉 is left-going and similarly |ψt〉 is right-going. These two states belong
to the two branches which cross each other at E = 0, qx = 0. These branches are
indicated by the C and D labels in Fig. 6, shown on the bottom and top sides of the
ribbon. Since, we have focused to the states exactly at the K and K′ points (i.e. we
set qx = 0) the resulting Hamiltonian from (10) is the same in both valleys. However,
thanks to the time reversal symmetry we can deduce corresponding wavefunctions for
the edge states at K′-point as follows
|ψ′b〉 =
[
1
1
]
φ(y) , |ψ′t〉 =
[
1
−1
]
φ(L− y) . (21)
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Notice that the |ψ′b〉 (|ψ′t〉) are located on the B (A) branch shown in Fig. 6. These states
in two valleys circulate in opposite directions, in order to satisfy time reversal symmetry.
The effect of trigonal warping of the position of this crossing in a zigzag ribbon can be
quantified in a perturbative manner. For a zigzag ribbon along the x-direction, the TW
at the K and K′-point (qx = 0) is
Hzzw = t1σx∂2y . (22)
It is worthwhile emphasizing, that the TW term at the K-point does not mix the left-
going (|ψb〉) and the right-going (|ψt〉) edge states, because the spinor part of |ψb〉 and
|ψt〉 are the eigenstate of σx which is the spinor part of Hzzw . Similar features can be
seen at the K′-point. In other words, the TW in the zigzag ribbon commutes with the
chirality operator (which is σx) of the one-dimensional massless Dirac edge states in the
zigzag ribbon. Therefore, the gapless edge state is expected even in the presence of the
TW term.
We study the effect of the TW using degenerate perturbation theory. Since TW does
not mix the two valleys, and also owing to the absence of the valley mixing in the zigzag
ribbon, a one-valley calculation is enough for this case. Therefore, the perturbation
matrix reads
V zzw =
[
〈ψb|Hzzw |ψb〉 〈ψb|Hzzw |ψt〉
〈ψt|Hzzw |ψb〉 〈ψt|Hzzw |ψt〉
]
= γσz . (23)
For the case of a wide ribbon, i.e. L→∞, we have
γ =
t1∆
β
sign
[
v2 + 4β∆
v∆
]
. (24)
This perturbation matrix means that the energy of the left going state moves up to
Eb(0) = γ while that of the right going one moves down to Et(0) = −γ. It seems a gap
is opened at qx = 0, but actually the system is still gapless. This can be seen if one
considers a neighborhood around qx = 0. If the neighborhood of qx = 0 moves in the
same way as the states at qx = 0 do on each branch, one obtains a shift of the crossing
point which is can be seen in Fig. 10 as a schematic visualization of the perturbation
result, and also in Fig. 13 (a) from the numerical calculations. The shift of the crossing
point in two valleys, owing to the TW in zigzag ribbon, must be consistent with the
time reversal symmetry.
4.2. Gapped edge modes in armchair ribbon
The y-direction is an armchair direction, so that for a ribbon along the y-axis qy is a
good quantum number. For the sake of simplicity, we assume qy=0. By neglecting the
electron-hole asymmetric terms, the isotropic Hamiltonian at the K-point reads
Hac0 =
[
∆− β∂2x −iv∂x
−iv∂x −∆ + β∂2x
]
. (25)
Edge modes in zigzag and armchair ribbons of monolayer MoS2 17
Γ
Γ
-0.5 0.0 0.5
-0.4
-0.2
0.0
0.2
0.4
k
E k
Figure 10. (Color online) The shift of the crossing point due to the TW in the zigzag
ribbon. Blue (red) solid line shifts down (up) to the blue (red) dashed line. In this
schematic figure, it is assumed that γ > 0.
After performing straightforward calculations, we obtain the following eigenfunction for
the edge modes at E = 0 and at the K-point
|ψb〉 =
[
1
−i
]
φ(x) , |ψt〉 =
[
1
i
]
φ(L− x) . (26)
Since at qy = 0 the velocity operator along the y-direction is vy = σy , so it is easy to
show that 〈vy〉 = 〈ψb|σy|ψb〉 = −1. In this case, |ψb〉 is a left going state and similarly
|ψt〉 is a right going one. These two states belong to the two branches which cross each
other at E = 0 and qy = 0. According to (26), σy is the chirality operator for armchair
ribbon along the y-direction. To be consistent with the time reversal symmetry, we the
wavefunction of the edge states at the K′-point is
|ψ′b〉 =
[
1
i
]
φ(x) , |ψ′t〉 =
[
1
−i
]
φ(L− x) . (27)
Similarly to the case of zigzag ribbon, these states in two valleys circulate in opposite
directions, in order to satisfy the time reversal symmetry. The existence of this crossing
is not consistent with the tight-binding results, however. After including trigonal
warping terms the crossing is not affected. For an armchair ribbon along y-direction,
the TW term at K and K′-point (qy = 0) is
Hacw = iβ′τz ⊗ σz∂3x − t1τ0 ⊗ σx∂2x . (28)
This trigonal warping term does not commute with the chirality operator (σy), which
means the TW in armchair ribbon mixes the right and the left going edge states and
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it can open a gap, giving rise to one-dimensional massive Dirac edge modes. The
perturbation matrix in one valley, τz = 1, is
V acw =
[
〈ψb|Hacw |ψb〉 〈ψt|Hacw |ψb〉
〈ψb|Hacw |ψt〉 〈ψt|Hacw |ψt〉
]
= −γ′σy . (29)
For β < 0, for L → ∞ we have γ′ = 0. Then, the TW itself is not enough to open a
considerable gap in the edge state spectrum of armchair ribbon. The overlap of the left
and right going edge states in a given valley is negligible, because they are localized on
different edges. In order to open a gap we need to take into account scattering from a
right to a left going state on each edge, that is, inter-valley scattering.
The existence of a gap in the armchair edge requires the hybridization of the two
valleys. Since the valley mixing must change both valley and chirality of the particles,
the general form of such a term must be as
V = (v1τx + v2τy)⊗ σx + (v3τx + v4τy)⊗ σz (30)
where τ and σ stand for the valley and band pseudospin, respectively. To understand
which of these terms are the most relevant, we must carry out a microscopic and a
symmetry based analysis. We assume that all of these possible four terms are non-zero
and carry out the perturbative calculation. For a wide armchair ribbon, the 1D-valley
mixing potential can be written as follows
V =

0 0 0 m+
0 0 m− 0
0 m∗− 0 0
m∗+ 0 0 0
 (31)
where m± = v3± v2− i(v4± v1) and the basis states are the following by using (26) and
(27)
ψ1 =
[
ψt
0
]
, ψ2 =
[
ψb
0
]
, ψ3 =
[
0
ψ′b
]
, ψ4 =
[
0
ψ′t
]
. (32)
Notice that all of the overlaps between the states on opposite edges vanish exponentially
and these terms have been neglected in V . Performing the perturbation calculation,
provides two non-zero values of the gap as 2|m+| and 2|m−|. Accordingly, 1D-valley
mixing in an armchair ribbon seems to be the source of gapped edge states.
4.3. 1D k·p model for boundary states
We solve the eigenvalue problem in the absence of any electron-hole asymmetry terms
at both the K and K′ points where the resulted wave functions for the zigzag case are
given by (20) and (21) with zero eigenvalue. For finite qx we can deduce an effective
one-dimensional k · p Hamiltonian at each valley. Following the procedure given Ref.
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[34], we find the Hamiltonian of the edge state as
Hzz1d =
[
〈ψ1|H′|ψ1〉 〈ψ1|H′|ψ2〉
〈ψ2|H′|ψ1〉 〈ψ2|H′|ψ2〉
]
=

vqx 0 0 0
0 −vqx 0 0
0 0 −vqx 0
0 0 0 vqx
 (33)
where H′ = H(qx)−H(qx = 0) = βq2xσz+vτqxσx and upper (lower) block corresponds to
the K-valley ( K′-valley). Notice that the basis set of {|ψ1〉, |ψ2〉} is equal to {|ψt〉, |ψb〉}
(20) and {|ψ′b〉, |ψ′t〉} (21) for the K and K′ points, respectively. According to the
numerical results given in Fig.4, there is a small spin-splitting for the edge state spectrum
in the zigzag case, but, we have neglected this splitting in the effective Hamiltonian of
edge modes.
In the armchair ribbon case, we have H′ = V +H(qy)−H(qy = 0) = V + βq2yσz +
vqyσy where the basis set of {|ψ1〉, |ψ2〉} is equal to {|ψt〉, |ψb〉} (26) and {|ψ′b〉, |ψ′t〉} (27)
for K and K′ points, respectively. The one-dimensional model Hamiltonian of the edge
modes in the armchair ribbon for the small momentum around Γ point can be obtained
as follows
Hac1d =

vqy 0 0 m+
0 −vqy m− 0
0 m∗− vqy 0
m∗+ 0 0 −vqy
 (34)
which provides us four energy bands as follows
E±1 = ±
√
v2q2y + |m+|2 ,
E±2 = ±
√
v2q2y + |m−|2 . (35)
The energy bands given in the previous equation should be doubly degenerate at qy = 0
in order to be consistent with the numerical results shown in Fig. 4a. Therefore, one
might anticipate |m+| = |m−| which could be possible either v1 = v2 = 0 or v3 = v4 = 0
is fulfilled. In fact, the term proportional to σx in (30) is not consistent with the
particle-hole symmetry at Γ point for each spin component. Because, it can scatter an
electron-like state to a hole-like one while the electrons and holes at the Γ point are
two independent (orthogonal) eigenstates of the initial TB Hamiltonian of the armchair
ribbon. Similar to the graphene case, the particle-hole symmetry operator for each spin
is proportional to σz [26] and in order to respect this symmetry we should consider the
case v1 = v2 = 0 for the boundary potential given in (30) leading to m+ = m− = v3−iv4.
5. Topological aspect of monolayer MoS2
The existence of the gapless edge modes in the zigzag ribbon in both tight-binding and
k · p models leads us to study the topological origin of these edge modes. For this
purpose, we first calculate Berry curvature in the whole BZ by using the full k-space
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Hamiltonian (2). We also calculate the Chern number and the time reversal Z2 invariant
in the k · p model. The Berry curvature of the system is defined as
Ωz =
∑
n
θ(εF − εn)Ωnz (36)
in which Ωnz is the Berry curvature of the n
th band, which can be calculate through the
following relation
Ωnz = i
∑
n′ 6=n
〈n|~vx|n′〉〈n′|~vy|n〉 − (x←→ y)
(εn − ε′n)2
(37)
where εn and |n〉 stands for the dispersion and wave vector for nth band. The
Fermi energy (εF = 0) lies inside the main gap and θ(x) is the step-function which
stands for the Fermi-Dirac distribution function. The velocity operator is defined as
~vi = ∂HTBs (k)/∂ki. In Fig. 11, the contour plot of the Berry curvature for the spin up
component is shown. The results from six-band TB calculation are very similar to those
obtained using DFT [41]. The calculated Berry curvature using the six-band model
shows that the states around the K-point give the main contribution to the topological
Berry curvature. The Berry curvature has opposite signs in the two valleys, in order
to satisfy time reversal symmetry. In Fig. 11, we plot the Berry curvature along the
high symmetry directions in the first BZ. A large value of the Berry curvature can be
seen near to the K and K′ points. The right panel in Fig. 11 indicate spin Berry
curvature (Ωspinz = Ω
↑ − Ω↓). This non-zero value for the spin Berry curvature leads to
the existence of an intrinsic spin Hall conductivity in monolayer MoS2 that has been
also studied through ab-initio methods [41].
The existence of larger values of the Berry curvature around the K-point as
compared to the other regions in the BZ indicates that the low-energy isotropic
Hamiltonian around the K-point is enough to study qualitatively the topological aspects
of the monolayer MoS2 band structure. We now consider the topological structure of
the low energy model around the K points, equation (2).
The isotropic part of the two-band Hamiltonian, Hiτs, is a modified-Dirac
Hamiltonian containing a momentum dependent mass term [34, 35]. This diagonal
quadratic term, proportional to β, in the Hamiltonian has a topological meaning. We
calculate the Chern number of this Hamiltonian at each valley, following the well-known
relation for a Hamiltonian as H = (k) +σ.d in which σ = σxxˆ+ σyyˆ+ σz zˆ. Then, the
Chern number reads
C =
1
4pi
∫ ∞
−∞
∫ ∞
−∞
(∂qxd× ∂qyd) · d
|d|3 dqxdqy . (38)
Notice that (k), which is the effective mass asymmetry term (i.e. α, λ0 and ∆0), has
no contribution to the Chern number. The Chern number from Hiτs at the K-point for
each spin is
CKs =
1
2
(sign(∆ + λs)− sign(β)) (39)
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Figure 11. (Color online) Results Berry curvature in the whole BZ. The panel (a)
indicates the contour plot of Berry curvature (for the spin up component) in the whole
BZ which clarifies hotspots around the corner of BZ. Berry curvature, panel (b), and
spin-Berry curvature, panel (c), along the high symmetric point in the first BZ. Notice
that the unit of Berry curvature, here, is a20 where a0 = a/
√
3 with a ≈ 3.16 A˚ as the
lattice constant of the monolayer MoS2.
where the Chern number of the K-point is CK = CK↑ + CK↓ and for the other valley,
we have CK′ = −CK . The total Chern number (C = CK + CK′) is zero which is
consistent with time reversal symmetry. From the negative numerical value of the β,
it follows that Hiτs has non-trivial topology if we consider one valley and take the spin
as a good quantum number. This non-trivial topology results in a crossing of the edge
modes, which can be seen in Fig. 12 to satisfy the bulk-edge correspondence. To obtain
this figure, we have used a finite element discretization of the low-energy Hamiltonian
which has been discussed in Ref. [33]. Since there are four crossing points (2 for the
spin and 2 for the valley), this state of the system is not strongly topological. A local
perturbation might be able to hybridize the edge modes with opposite topology and
open a gap at the crossings. In other words, since the number of gapless edge modes is
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Figure 12. (Color online) Crossing edge modes from the isotropic model Hamiltonian
around K-point for spin up, Hiτ=+,s=+, as given in (2). There is a small shift of crossing
point from E = 0 which is due to the presence of α in our numerical calculation which
breaks the particle-hole symmetry.
even (here it is 4) the system can be classified as a weak topological insulator. This weak
topological structure (for each spin) will be destroyed, if two valleys mix with each other
owing to any valley mixing caused by edge orientation, edge roughness, and short-range
scatterers like sulfur vacancies in the monolayer MoS2. A non-zero valley Chern number
as Cv = CK − CK′ can be defined that indicates a quantum valley Hall phase for each
spin. The topology of the band structure will never changes if the energy gap in the
band structure does not close and reopen as the model parameters vary continuously.
To understand this topological phase, one can assume λ = 0 and tune ∆ from positive
to a negative value, so that there is topological phase transition from a non-trivial to a
trivial state in the case of β < 0.
According to the low-energy model, there is a non-zero valley Chern number, while
the total Chern number is zero based on the time reversal symmetry (Θ). Since the
total Chern number is zero, it is required to explore another topological invariant which
is the time reversal Z2 invariant. In the following, we calculate this invariant through
the well-known Pfaffian approach introduced by Kane and Mele [42]. The Pfaffian of the
time reversal operator is indicated as P (q) = Pf[〈ψi(q)|Θ|ψj(q)〉] where Θ and ψj(q)
are the time reversal symmetry operator and the wavefunction of jth state, respectively.
In Appendix A, the calculation for the Pfaffian of time reversal operator is given in
detail. For the isotropic low-energy model, we find P (q) = [P+(q)P−(q)]
2 in which
P±(q) =
∆±λ
2
+ bβ|a0q|2√
(∆±λ
2
+ bβ|a0q|2)2 + t20|a0q|2
. (40)
We remind that b = ~2/(4m0a20). Since (∆± λ)/β < 0, there are zeros for this Pfaffian
on two circles with |a0q±|2 = (∆±λ)/(2b|β|) as their radii. According to the Kane-Mele
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prescription[42], the time reversal Z2 topological invariant can be calculated as follows
ν =
1
2pii
∫
C
dq ·∇ log[P (q) + iδ] (41)
where δ is an infinitesimal real positive number and C is a contour surrounding the
half of BZ. Following the procedure given in Ref. [43], the contour of C is the
upper half-plane and the integral on the arc is zero since δ > 0 and the arc has an
infinite radius. Therefore, only the integral on the qx axis remains, which contains
four poles. Since δ > 0 only two of them contribute in the Z2 invariant. Then,
ν = 2 × 1
2pii
× [2pii + 2pii] Mod 2 = 0 which shows the trivial nature of the system.
If we only consider one spin and one valley (i.e. spinless and valleyless system ), the Θ
matrix will be a 2 × 2 matrix that provides ν = 1 indicating the non-trivial nature of
the modified Dirac model for each spin and valley.
In the low-energy model, there is also a trigonal warping term which might have a
contribution to the band topology. In the following, we investigate this contribution by
using the trigonal warping term of low-energy Hamiltonian, Hwτs, as given in (2). Notice
that we neglect the term proportional to α′ in this survey, since it is a trivial term similar
to the term proportional to α. The calculation of the energy dispersion for a ribbon
in the absence of the TW, see Fig. 12, leads to a pair of edge states for each spin and
valley index which closes the gap. In principal, the trigonal warping could have some
topological consequences on the edge mode dispersion. After including trigonal warping
in the model, the odd number of the crossing points for each flavor, which is one, can
increase or decrease to an even number, depending on the sign for t1×β′. This possible
change in the number of crossing points implies a kind of topological phase transition.
This feature is evident in the numerical results shown in Fig. 13. It should be noticed
that the results in Fig. 13 correspond to the zigzag ribbon along x-direction which has
a finite width in the y-direction. Therefore, in Hwτ=+,s=+, we implement qy ≡ −i∂y and
qx as a good quantum number.
In Fig. 13 (a) we just consider the term proportional to t1 in the TW low-energy
model and a shift of the crossing point along the horizontal axis (qx) is evident in this
figure. In the anisotropic case, the crossing does not occur exactly at the K-point and
this is consistent with our TB results shown in Fig. 4 and also with our perturbative
analytical results shown in equation (24). The shift of crossing point in the TB results
shown in Fig. 4 is larger than that of the low-energy model which is depicted in Fig.
13 (a). The reason for this mismatch is related to the limited validity range of the low-
energy model for large |q|. In the panel (b) and (c) of this figure, the term of β′ in the
TW model Hamiltonian is also turned on. According to the panel (b), we conclude that
the inclusion of the TW in the low-energy model of monolayer MoS2 does not change
the topology of the band structure, which is consistent with our full TB calculations.
However, as it is obvious in the panel (c) of the same figure, the number of crossing
changes from one to two when the sign of t1 × β′ is changed from positive to negative.
Finally, it is worth to mention that in a finite size calculation of a polar material
with non-zero polarity of the bulk bands, it is expected to have a charge rearrangement
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Figure 13. (Color online) Energy dispersion obtained from low-energy model for a
ribbon along x-direction for the case of K valley (τ = +) and spin up (s = +). (a)
t1 = −0.144 eV and β′ = 0. (b) t1 = −0.144 eV and β′ = −0.534 which is based on
our low energy model of MoS2. (c) t1 = −0.144 eV and β′ = +0.534. The crossing
point shifts away from the K-point as a result of the trigonal warping. Moreover, the
number of crossing point could change for different sign of t1 × β′.
on the edge owing to the Coulomb interaction [44, 14] which is not considered in our
model. This rearrangement of charge can be generally modeled in a self-consistent TB
manner. In order to take that into account, first of all, we need to estimate the change
in the on-site energy of the atomic site on the edge and then to implement this change
in the TB calculation in a self-consistency way to achieve a convergence in the edge
modes dispersion.
In our system, we have estimated the change of the on-site energy as δE ∼ δP ×U
with respect to its value in the bulk where U ∼ 1 eV is a typical value for the Hubbard
interaction on the same site and δP = Pbulk−Pedge in which Pedge (Pbulk) stands for the
probability of finding an electron in the d-orbitals of Mo atoms on the Mo-terminated
edge of the zigzag ribbon (the bulk) of monolayer MoS2. According to our six-band TB
model, we have δP ∼ 0.89− 0.79 = 0.1. The change in the on-site energy can shift the
edge bands by w× δE where w = |ψedge(y = 0)|2 is the weight of the states in the band
localized on the edge atoms. Based on our TB model, we can take w ∼ 0.1 − 0.5 as a
typical value of the weight on the Mo-terminated edge of the zigzag ribbon.Therefore,
we conclude that w × δP × U ∼ 0.01 − 0.05 eV as the shift of the edge mode energy
due to the charge rearrangement which is too small and it can not change edge modes
dispersion in a wide ribbon. Accordingly, we believe a static TB calculation would
be enough to capture main electronic feature of MoS2 ribbon with a wide width e.g.
N > 100.
6. Conclusion
In this work, we have studied the finite size effect in the monolayer MoS2 nanoribbon
as a representative of monolayer TMDs. We consider a tight-binding model which is
invariant with respect to the horizontal reflection symmetry of the system and contains
three d and three p orbitals describing the Mo and S atoms, respectively. By employing
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this microscopic tight-binding model, the band structure of both zigzag and armchair
ribbons are obtained. We investigate the nature of the edge modes for these two edge
terminations, and our numerical results reveal metallic and gapped edge modes for the
zigzag and armchair case, respectively. The metallic (gapped) nature of the edge modes
in the zigzag (armchair) ribbon is consistent with ab-initio calculation and experimental
results. In contrast to the case of an armchair graphene ribbon, there is no valley mixing
in the valence band of monolayer MoS2 owing to the strong spin-orbit coupling in this
system.
More intuitive analytical calculations by considering a low-energy k · p clarifies
a weak topological protection for the metallic edge modes in the zigzag ribbon. The
topological nature of monolayer MoS2 originates from the particular orbital character
of each energy band. Owing to the large value of the energy gap in comparison with
the spin-orbit coupling, a topological phase transition is not possible by including (or
neglecting) the effect of the spin-orbit coupling. This calculation implies that a crossing
of edge modes is expected also for boundaries induced by external gating. We have
shown that the crossing point of the edge modes in the zigzag ribbon is not located on
the K point and it shifts away from the K point due to the effect of trigonal warping. We
have emphasized a one-by-one correspondence between the low-energy model parameters
and edge mode dispersion, particularly in topological picture. We have finally shown
that the mixing of edge modes in two different 1D-valleys results in a gapped spectrum
of the edge modes in the armchair ribbon of monolayer MoS2.
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Appendix A. Pfaffian of the time reversal operator
To calculate the Pfaffian of the time reversal operator, we first construct the matrix
representation of the time reversal symmetry in a space with 8 basis functions as follows
ψcK↑(q) =
1
Dc+

−t0q∗
hc+
O
O
O
 , ψvK↑(q) =
1
Dv+

−t0q∗
hv+
O
O
O

ψcK↓(q) =
1
Dc−

O
−t0q∗
hc−
O
O
 , ψvK↓(q) =
1
Dv−

O
−t0q∗
hv−
O
O

ψcK′↑(q) =
1
Dc−

O
O
t0q
hc−
O
 , ψvK′↑(q) =
1
Dv−

O
O
t0q
hv−
O

ψcK′↓(q) =
1
Dc+

O
O
O
t0q
hc+
 , ψvK′↓(q) =
1
Dv+

O
O
O
t0q
hv+
 (A.1)
where q = a0(qx + iqy), O is a two-component zero vector and other parameters read
hc± = d± −
√
d2± + t20|a0q|2 ,
hv± = d± +
√
d2± + t20|a0q|2 ,
dτ×s =
∆ + λτs
2
+ bβ|a0q|2 ,
Dc,v± =
√
t20|a0q|2 + hc,v± . (A.2)
According to the general properties of the time reversal symmetry of a fermionic system
(i.e. Θ2 = −1), we can find the following relations
ΘψcKs(q) = iψ
c
K′s¯(−q) ,
ΘψcK′s¯(q) = −iψcKs(−q) ,
ΘψvKs(q) = iψ
v
K′s¯(−q) ,
ΘψvK′s¯(q) = −iψvKs(−q) . (A.3)
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Therefore, the matrix representation of the time reversal symmetry in this basis is given
by
Θ ≡ i

O O O M+
O O M− O
O −M− O O
−M+ O O O
 , (A.4)
in which
M± =

t20|a0q|2−[hc±]2
[Dc±]2
t20|a0q|2−hc±hv±
Dc±D
v
±
t20|a0q|2−hc±hv±
Dc±D
v
±
t20|a0q|2−[hv±]2
[Dv±]2
 , (A.5)
It is easy to show that
Pf[Θ] = det[M+]det[M−] , (A.6)
By defining det[M±] = [P±(q)]2, we arrive at the following relation for the Pfaffian of
the time reversal operator in the low-energy model.
Pf[Θ] = [P+(q)P−(q)]
2 . (A.7)
Notice that to obtain the above relation for the Pfaffian following identities can be useful
hc±h
v
± = −t20|a0q|2 ,
(Dc±D
v
±)
2 = 4t20|a0q|2[d2± + t20|a0q|2] . (A.8)
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